In 1958 L. Fejes Tóth and J. Molnar proposed a conjecture about a lower bound for the thinnest covering of the plane by circles with arbitrary radii from a given interval of the reals. If only two kinds of radii can occur this conjecture was in essence proven by A. Florian in 1962, leaving the general case unanswered till now. The goal of this paper is to analytically describe the general case in such a way that the conjecture can easily be numerically veri ed and upper and lower limits for the asserted bound can be gained.
Introduction
A covering K of the Euclidean plane by circles is a countable set of closed circular discs C i with radii r i such that every point of the plane belongs to at least one circle of K. The parameter q := inf(r i /r j ), i, j = , , . . . is called the homogeneity of K. (q = means a totally homogeneous system, q = the opposite.)
Let C(R) be a circle with radius R such that the circles C i , . . . , C im of a given covering K with areas ∆C i , . . . , ∆C im totally lie within C(R) and D := lim R→∞ ∆C i + · · · + ∆C im R π .
Then the lower density D of K is not dependent on the choice of the centre of C(R) (cf. e. g. [1] ). Given a covering K(q) of homogeneity q, it is of interest to calculate D(q) := inf D and, if this is not possible, to nd good lower and upper bounds of D(q), in particular in form of continuous functions of q for ≤ q ≤ . There have been several attempts to determine either D(q) or accurate bounds of D(q), but as far as the whole interval ≤ q ≤ is concerned, to no avail. -For general results cf. the book [1] , for upper bounds [2] , [3] , [4] and for lower bounds [5] , [6] , [7] , [8] , [9] .
The most outstanding conjecture concerning a lower bound which has not been proven up to now was proposed by L. Fejes Tóth and J. Molnar ( rst published 1958, cf. [7] 
the area and α, β, γ the angles of the triangle T de ned by O , O and O (cf. Fig. 1 ). Then the ratio of the sum of the areas covered by C , C and C within T and ∆T is given by
L. Fejes Tóth and J. Molnar showed in [7] that D(q) ≥ min δ(q) for all triples C , C , C for < q ≤ , and they conjectured min δ(q) = S(q) (1.3)
wherefrom conjecture (1.1) follows. For the case that only two kinds of circles can occur within a covering K(q) A. Florian proved in [9] that min δ(q) = min{S(q), S( /q)} (1.4) and that in the arrangement of Fig. 1 always two circles of the one kind and a circle of the other kind are symmetrically arranged when min δ(q) is assumed. The following Fig. 1 is drawn with points, lines and labels also needed for further considerations. In order to facilitate analytic calculations the scale is purposely chosen by setting one side of the triangle to be (contrary to the approach by other authors). As already pointed out by A. Florian in [9] , numerically con rmed by computer calculations we have S(q) ≤ S( /q), so that we can assume with almost absolute certainty that conjecture (1.1) holds if only two kinds of circles are allowed. However, if circles with arbitrary radii are permitted, then "it seems hopeless to verify conjecture (1.1) analytically" (cit. G. Blind, Math. Z., cf. [5] ).
In [10] the author of the present paper gave an explicit lower bound for the thinnest covering by arbitrary circles if not the homogeneity q is given but the smallest angle, say α, within the triangle T. Such a covering will be referred to as K(α) and the minimum of its density by S(α). The results achieved for K(α) will be of use to accomplish the following tasks pursued in the present paper:
(i) Modeling the problem of minimizing δ(q) in such a way that it will be easily possible to determine S(q) numerically. (In particular, the sizes of the domains of parameters relevant for nding min δ(q) have to be reduced.) (ii) Deriving an upper bound for min δ(q) by means of a closed analytical term close to the (unknown) minimum. (iii) Determining a lower bound of S(q) by way of the following strategy: For every q, S(q) is assumed within a triangle T that has a smallest angle α(q). Hence, one can compare S(q) to S(α(q)), i. e. look for the di erence in densities and thus establish a lower bound for S(q).
As for (i), we will derive a description by functions that facilitates a numeric veri cation of conjecture (1.1), tasks (ii) and (iii) will be carried out by means of results about K(α). In particular, we will show that the di erence between S(q) and S(α(q)) is extremely small which means that for any given q the density S(q) which is assumed within a triangle T is just a small amount greater than the smallest possible density that three arbitrary circles can have in this triangle.
An upper bound for min δ(q)
We start by neglecting the homogeneity and assume that for the triangle T (see Fig. 1 ) α ≤ β ≤ γ, and we keep α xed. Let us denote the quotient (αr +βr +γr )/( ∆T) by δ(α, β, γ). As shown in [10] the minimum of δ(α, β, γ) is assumed if α = β, r = r , and the distances x, y marked in Fig. 1 , are
Moreover, it was proven that
It follows immediately that
Next we t the radii r = r and r into a triangle T so that r /r = q, i. e., we determine an angle α such that r /r = q. This yields
As can be easily seen q is an increasing function of α for < α ≤ π/ and therefore has a unique inverse α = α(q) which can be approximately analytically or numerically determined. Inserting α = α(q) into (2.1) yields an upper bound S(q) of min δ(q) which is plotted in Fig. 2 together with the supposed minimum of δ(q).
with α(q) being the unique solution α of equation (2.2).
As pointed out in [10] 
Modeling the function δ(q)
Referring to the parameters speci ed in Fig. 1 we now assume that r ≥ r ≥ r and r /r = q, i. e., r = r q. Because the circles C , C , C have no common inner point we can suppose that their common intersectionpoint lies within the triangle T. Because r ≥ r ≥ r it then follows that φ ≤ α ≤ π/ , /( + q) ≤ r ≤ /( − q) and c ≤ x. Inserting the above expressions into
some elementary calculations infer
As for the condition r ≥ r ≥ r we obtain
and analogously,
Therefore the boundary conditions for nding min δ(q) are
with the rst inequality representing r ≤ r and the second to r ≤ r . Solving the equation Rp cot(β + γ) = W − cot β for R leads to
for p ≠ . (The limit for p → shows that the second possible solution with + before the square-root is not feasible.) From solving the equation W − cot β = Rp cot γ we infer
for p ≠ . Setting α = β within R we obtain 6) and for β = γ within R we get
We insert R (α = β) and R (β = γ) into (3.
2). By taking into account that
Rp cot(β + γ) = W − cot β for r = r and W − cot β = Rp cot γ for r = r we obtain: If r = r and α = β then for q ≠ 8) and if r = r and β = γ then for q ≠
Proof. x and q within the function
can be geometrically interpreted as indicated in Fig. 3 (cf. e. g. [8] ). Straightforward elementary calculations link α to x. From this we infer f (x, q) = δ (α, q) and f (x, /q) = δ (β, q).
Reducing the size of the domains of parameters
In the following we assume that S(q) ≤ S( /q). (For the respective con rmatory arguments see Section 1.) Proof. We assume that α ≥ γ. Then there are three possibilities for the angles in T:
For all pairs R, β compatible with all boundary conditions we consider (∂δ)/(∂α):
because /(sin γ) ≥ /(sin α). Since δ is increasing with α we can try to decrease α as far as possible. According to the conditions (i), (ii), (iii) and the boundary conditions − cot α ≤ (W − cot β)/(Rp) ≤ cot γ (cf. (3.3)) the following barriers can limit the reduction of the size of α: α hits γ, α hits β or (W − cot β)/(Rp) = cot γ (because γ is growing when α is decreasing). W − cot β = Rp cot γ means that r = r , the case leading to S( /q) according to Proposition 3.1. α = γ is covered by α ≤ γ, so there is only α = β for α ≥ γ left.
To check the values of δ(q) for α = β one has to minimize the function 
Proof. It will do to take into account
besides the limit /( − q) for r. Due to the reduction of the domains of the variables R, β and γ it does not take much e ort to numerically determine min δ(q) computer-aided. This way conjecture (1.1) can be considered as con rmed. The calculations show that for every q min δ(q) is assumed for minα δ (α, q), which means that r = r and α = β ≤ π/ .
Considering

A lower bound of S(q)
For any q the value of the function S(q) can be derived from a certain con guration of the triangle T with α = β ≤ γ. Therefore, for any q there is a well de ned smallest angle α = α(q) corresponding to S(q). Substituting α(q) for α in δ(α) (see (2.1)) yields the lower bound S(q) = (α(q)/π)(α(q)(π − α(q)) tan α(q) + α(q) cot α(q). 
